We show that a separable purely infinite C Ã -algebra is of real rank zero if and only if its primitive ideal space has a basis consisting of compact-open sets and the natural map K 0 ðI Þ ! K 0 ðI =JÞ is surjective for all closed two-sided ideals J H I in the C Ãalgebra. It follows in particular that if A is any separable C Ã -algebra, then A n O 2 is of real rank zero if and only if the primitive ideal space of A has a basis of compact-open sets, which again happens if and only if A n O 2 has the ideal property, also known as property (IP).
Introduction
The extend to which a C Ã -algebra contains projections is decisive for its structure and properties. Abundance of projections can be expressed in many ways, several of which were proven to be equivalent by Brown and Pedersen in [6] . They refer to C Ã -algebras satisfying these equivalent conditions as having real rank zero, written RRðÀÞ ¼ 0 (where the real rank is a non-commutative notion of dimension). One of these equivalent conditions states that every non-zero hereditary sub-algebra has an approximate unit consisting of projections. Real rank zero is a non-commutative analog of being totally disconnected (because an abelian C Ã -algebra C 0 ðX Þ, where X is a locally compact Hausdor¤ space, is of real rank zero if and only if X is totally disconnected). Another, weaker condition, that we shall consider here is the ideal property (denoted (IP)) that projections in the C Ã -algebra separate ideals.
The interest in C Ã -algebras of real rank zero comes in parts from the fact that many C Ã -algebras of interest happen-sometimes surprisingly-to be of real rank zero, and it comes in parts from Elliott's classification conjecture which predicts that separable nuclear C Ã -algebras be classified by some invariant that includes K-theory (and in some special cases nothing more than K-theory!). The Elliott conjecture has a particularly nice formulation for C Ã -algebras of real rank zero, it has been verified for a wide class of C Ã -algebras of real rank zero, and the Elliott conjecture may still hold (in its original form) within this class of C Ã -algebras (there are counterexamples to Elliott's conjecture in the non-real rank zero case).
If the Elliott conjecture holds for a certain class of C Ã -algebras, then one can decide whether a specific C Ã -algebra in this class is of real rank zero or not by looking at its Elliott invariant. In the unital stably finite case, the Elliott conjecture predicts that a ''nice'' C Ãalgebra A is of real rank zero if and only if the image of K 0 ðAÞ in A¤ À TðAÞ Á is dense, where TðAÞ is the simplex of normalized traces on A. This has been verified in [20] in the case where A in addition is exact and tensorially absorbs the Jiang-Su algebra Z. In the presence of some weak divisibility properties on K 0 ðAÞ, the condition that K 0 ðAÞ has dense image in A¤ À TðAÞ Á can be replaced with the weaker condition that projections in A separate traces on A.
In the simple, purely infinite case, where there are no traces, real rank zero is automatic as shown by Zhang in [22] . This result is here generalized, assuming separability, to the non-simple case. We are forced to consider obstructions to real rank zero that do not materialize themselves in the simple case, including topological properties of the primitive ideal space and K-theoretical obstructions (as explained in the abstract).
The notion of being purely infinite was introduced by Cuntz, [8] , in the simple case and extended to non-simple C Ã -algebras by Kirchberg and the second named author in [12] (see Remark 2.6 for the definition). The study of purely infinite C Ã -algebras was motivated by Kirchberg's classification of separable, nuclear, (strongly) purely infinite C Ãalgebras up to stable isomorphism by an ideal related KK-theory. This classification result, although technically and theoretically powerful, is hard to apply in practice; however, it has the following beautiful corollary: Two separable nuclear C Ã -algebras A and B are isomorphic after being tensored by O 2 n K if and only if their primitive ideal spaces are homeomorphic.
Suppose that A is a separable nuclear C Ã -algebra whose primitive ideal space has a basis for its topology consisting of compact-open sets. Then, thanks to a result of Bratteli and Elliott, [4] , there is an AF-algebra B whose primitive ideal space is homeomorphic to that of A. It follows that A n O 2 n K G B n O 2 n K; the latter C Ã -algebra is of real rank zero, whence so is the former, whence so is A n O 2 . In other words, if A is separable and nuclear, then RRðA n O 2 Þ ¼ 0 if and only if the primitive ideal space of A has a basis of compact-open sets. Seeking to give a direct proof of this result and to drop the nuclearity hypothesis on A, we started the investigations leading to this article.
The paper is divided into three sections. In Section 2 we remind the reader of some of the relevant definitions and concepts, and it is shown that a purely infinite C Ã -algebra has property (IP) if and only if its primitive ideal space has a basis of compact-open sets. Section 3 contains a discussion of the K-theoretical obstruction, that we call K 0 -liftable, to having real rank zero and some technical ingredients that are needed for the proof of our main result, mostly related to lifting properties of projections. The final Section 4 contains our main result (formulated in the abstract) and some corollaries thereof.
Throughout this paper, the symbol n will mean the minimal tensor product of C Ãalgebras; and by an ideal of an arbitrary C Ã -algebra we will, unless otherwise specified, mean a closed and two-sided ideal.
Purely infinite C * -algebras with property (IP)
In this section we show, among other things, that a purely infinite separable C Ãalgebra has the ideal property if and only if its primitive ideal space has a basis consisting of compact-open sets. We begin by explaining the concepts that go into this statement.
Remark 2.1 (The ideal property (IP)). A C Ã -algebra A has the ideal property, abbreviated (IP), if projections in A separate ideals in A, i.e., whenever I , J are ideals in A such that I j L J, then there is a projection in I nJ.
The ideal property first appeared in Ken Stevens' Ph.D. thesis, where a certain class of (non-simple) C Ã -algebras with the ideal property were classified by a K-theoretical invariant; later the first named author has studied this concept extensively, see e.g., [16] and [15] .
Remark 2.2 (The primitive ideal space). The primitive ideal space, denoted PrimðAÞ, of a C Ã -algebra A is the set of all primitive ideals in A (e.g., kernels of irreducible representations) equipped with the Jacobson topology. The Jacobson topology is given as follows: if M L PrimðAÞ and J A PrimðAÞ, then
There is a natural lattice isomorphism between the ideal lattice, denoted IdealðAÞ, of A and the lattice, O À PrimðAÞ Á , of open subsets of PrimðAÞ given as
(where U c denotes the complement of U If A is a separable C Ã -algebra, then PrimðAÞ is a locally compact second countable T 0 -space in which every (closed) prime2) subset is the closure of a point. Conversely, if X is a space with these properties, and if X has a basis for its topology consisting of compactopen sets, then X is homeomorphic to PrimðAÞ for some separable AF-algebra A, as shown by Bratteli and Elliott in [4] .
We shall need the following (probably well-known) easy lemma: Lemma 2.3. Let A be a C Ã -algebra, let I , I 1 , I 2 be ideals in A, and let p : A ! A=I be the quotient mapping.
(i) If I 1 and I 2 are compact, then so is I 1 þ I 2 .
(ii) If I is compact and if J is a compact ideal in A=I , then p À1 ðJÞ is compact.
Proof. (i) The union of two compact sets is again compact (also in a T 0 -space).
(ii) Let fK a g a be an arbitrary upwards directed family of ideals in A such that S a K a is dense in p À1 ðJÞ. Then J ¼ S a pðK a Þ, whence J ¼ pðK a 1 Þ for some a 1 . As I is contained in p À1 ðJÞ, it is equal to the closure of S a ðI X K a Þ, whence I ¼ I X K a 2 for some a 2 . It now follows that p À1 ðJÞ ¼ K a whenever a is greater than or equal to both a 1 and a 2 . r
We shall show later (in Corollary 4.4) that the class of separable C Ã -algebras, for which the primitive ideal space has a basis of compact-open sets, is closed under extensions. Remark 2.4 (Scaling elements). Scaling elements were introduced by Blackadar and Cuntz in [2] as a mean to show the existence of projections in simple C Ã -algebras that admit no dimension function. An element x in a C Ã -algebra A is called a scaling element if x is a contraction and x Ã x is a unit for xx Ã , i.e., if x Ã xxx Ã ¼ xx Ã . Blackadar and Cuntz remark that if x is a scaling element, then v ¼ x þ ð1 À x Ã xÞ 1=2 is an isometry in the unitization of A, whence p ¼ 1 À vv Ã is a projection in A. Moreover, if a is a positive element in A such that x Ã xa ¼ a and xx Ã a ¼ 0, then pa ¼ a. In this way we get a ''lower bound'' on the projection p.
Remark 2.5 (Cuntz' comparison theory). We recall briefly the notion of comparison of positive elements in a C Ã -algebra A, due to Cuntz, [7] . Given a; b A A þ , write a 6 b if for all e > 0 there is x A A such that kx Ã bx À ak < e. Let ða À eÞ þ denote the element obtained by applying the function t 7 ! maxft À e; 0g to a. It is shown in [19] that if a, b are positive elements in A and if e > 0, then ka À bk < e implies ða À eÞ þ 6 b; and a 6 b and a 0 A ða À eÞ þ Aða À eÞ þ implies that a 0 ¼ x Ã bx for some x A A.
We shall also need the following fact: If a 6 b and e > 0, then there exists a contraction z A A such that z Ã zða À eÞ þ ¼ ða À eÞ þ and zz Ã A bAb. Indeed, there is a positive contraction e in ða À e=2Þ þ Aða À e=2Þ þ such that eða À eÞ þ ¼ ða À eÞ þ , and by the result mentioned above there is
Remark 2.6 (Purely infinite C Ã -algebras). A (possibly non-simple) C Ã -algebra A is said to be purely infinite if A has no characters (or, equivalently, no non-zero abelian quotients) and if
where AbA denotes the ideal in A generated by the element b. Observe that the implication ''('' above is trivial and holds for all C Ã -algebras.
It is shown in [12] that any positive element a in a purely infinite C Ã -algebra is properly infinite (meaning that a l a 6 a l 0 in M 2 ðAÞ); and in particular, all (non-zero) projections in a purely infinite C Ã -algebra are properly infinite (in the standard sense: p A A is properly infinite if there are projections p 1 ; p 2 A A such that p j e p, p 1 ? p 2 , and p 1 @ p 2 @ p).
It is also proved in [12] that A n O y and A n O 2 are purely infinite for all C Ãalgebras A, and hence that A n B is purely infinite whenever B is a Kirchberg algebra3) (because these satisfy B G B n O y , see [11] ). (ii) I is generated by a single projection in A.
(iii) I is generated by a finite family of projections in A.
Proof. (iii) ) (i). Suppose that I is generated (as an ideal) by the projections p 1 ; . . . ; p n , and suppose that fI a g a is an increasing net of ideals in A such that S a I a is a dense (algebraic) ideal in I . Then S a I a contains the projections p 1 ; . . . ; p n (because it contains the Pedersen ideal4) of I , and the Pedersen ideal of a C Ã -algebra contains all projections of the C Ã -algebra). It follows that p 1 ; . . . ; p n belong to I a for some a, whence I ¼ I a .
(i) ) (ii). By separability of A (and hence of I ), I contains a strictly positive element, and is hence generated (as an ideal) by a single positive element a.
For each e f 0 let I e be the ideal in A generated by ða À eÞ þ . Then I ¼ S e>0 I e , so by assumption (and Remark 2.2), I ¼ I e 0 for some e 0 > 0. It follows in particular that a 6 ða À e 0 Þ þ , cf. Remark 2.6.
Choose e 1 such that 0 < e 1 < e 0 . As A is purely infinite, all its positive elements, and in particular ða À e 1 Þ þ , are properly infinite (see [12] , Definition 3.2). Use [12] , Proposition 3.3 (and [12] , Lemma 2.5 (i)) to find mutually orthogonal positive elements b 1 , b 2 in ða À e 1 Þ þ I ða À e 1 Þ þ such that ða À e 0 Þ þ 6 b 1 and ða À e 0 Þ þ 6 b 2 . Then a 6 b 1 (a relation that also holds relatively to I ) and a 6 b 2 (whence b 2 is full in I ).
By the result of Blackadar and Cuntz mentioned in Remark 2.4 above there is a projection p A I such that
The corollary below follows immediately from Proposition 2.7 (and from Remark 2.2). Corollary 2.8. Let A be a separable purely infinite C Ã -algebra where PrimðAÞ has a basis of compact-open sets. Then any ideal in A is either generated by a single projection or is the closure of the union of an increasing net of ideals each of which is generated by a single projection.
Converserly, if A is any C Ã -algebra (not necessarily separable or purely infinite), and if any ideal in A either is generated by a single projection or is the closure of the union of an increasing net of ideals with this property, then PrimðAÞ has a basis for its topology consisting of compact-open sets. Lemma 2.9. Let A be a purely infinite C Ã -algebra and let B be a hereditary sub-C Ãalgebra of A. Then each projection in ABA, the ideal in A generated by B, is equivalent to a projection in B.
Proof. Let p be a projection in ABA. The family of ideals in A generated by a single positive element in B is upwards directed
. The union of these ideals is dense in I and therefore contains p. It follows that p belongs to AbA for some
is therefore a projection which is equivalent to p. r generated by I 0 and J 0 , respectively. Then I j L J, and so, by assumption, there is a projection p A I nJ. By Lemma 2.9, p is equivalent to a projection p 0 A I 0 ; and p 0 does not belong to J, and hence not to J 0 . r Condition (iii) below was considered by Brown and Pedersen in [5] , Theorem 3.9 and Discussion 3.10, and was there given the name purely properly infinite. Brown and Pedersen noted that purely properly infinite C Ã -algebras are purely infinite (in the sense discussed in Remark 2.6). Brown kindly informed us that this property is equivalent with properties (i) and (ii) below. We thank Larry Brown for allowing us to include this statement here.
Proposition 2.11. The following four conditions are equivalent for any separable C Ãalgebra A.
(i) A is purely infinite and PrimðAÞ has a basis for its topology consisting of compactopen sets.
(ii) A is purely infinite and has property (IP).
(iii) Any non-zero hereditary sub-C Ã -algebras of A is generated as an ideal by its properly infinite projections.
(iv) Every non-zero hereditary sub-C Ã -algebra in any quotient of A contains an infinite projection.
The implications (i) ( (ii) , (iii) , (iv) hold also when A is non-separable.
Proof. Separability is assumed only in the proof of ''(i) ) (ii)''.
(ii) ) (i). Let I be an ideal in A. Then I is generated by its projections (because A has property (IP)). Let L be the net of finite subsets of the set of projections in I , and, for each a A L, let I a be the ideal in A generated by the projections in the finite set a. Then I a is compact (by Proposition 2.7), and S (i) ) (ii). Suppose that (i) holds, and let I , J be ideals in A such that I j L J. From Corollary 2.8 there is an increasing net of ideals I a in A each generated by a single projection, say p a , such that S a I a is dense in I . Now, I a j L J for some a, and so the projection p a belongs to I nJ.
(ii) ) (iii). Every non-zero projection in a purely infinite C Ã -algebra is properly infinite (see Remark 2.6 or [12] , Theorem 4.16) and so it su‰ces to show that any hereditary sub-C Ã -algebra of A has property (IP); but this follows from Proposition 2.10 and the assumption that A is purely infinite and has property (IP).
(iii) ) (iv). Let I be an ideal in A, and let B be a non-zero hereditary sub-C Ã -algebra of A=I . Let p : A ! A=I denote the quotient mapping. By (iii) and Lemma 2.9 there is a properly infinite projection p in p À1 ðBÞnI ; and so pðpÞ is a non-zero properly infinite (and hence infinite) projection in B.
(iv) ) (i). It follows from [12] , Proposition 4.7, that A is purely infinite. We must show that PrimðAÞ has a basis of compact-open sets. We use the equivalent formulation given in Remark 2.2, see also Corollary 2.8.
Let I be an ideal in A, and let fI a g be the family of all compact ideals contained in I . Then fI a g a is upwards directed (by Lemma 2.3 (i)). Let I 0 be the closure of the union of the ideals I a . We must show that I 0 ¼ I . Suppose, to reach a contradiction, that I 0 H I . Then, by (iv), I =I 0 contains a non-zero projection p. The projection p lifts to a projection q in I =I a for some a (by semiprojectivity of the C Ã -algebra C, see also the proof of Lemma 4.1 below). Let J be the ideal in I =I a generated by the projection q. Then J is compact, whence so is its pre-image I 0 L I under the quotient mapping I ! I =I a , cf. Lemma 2.3 (ii). As the image of I 0 under the quotient mapping I ! I =I 0 contains the projection p we conclude that I 0 is not contained in I 0 , which is in contradiction with the construction of I 0 . r Property (i) in the lemma below is pretty close to saying that the hereditary sub-C Ãalgebra aAa has an approximate unit consisting of projections, and hence that A is of real rank zero. In fact, if A has stable rank one (which by the way never can happen when A is purely infinite and not stably projectionless!), then property (i) below would have implied that A has real rank zero. In the absence of stable rank one we get real rank zero from condition (i) below if a K-theoretical condition, discussed in the next section, is satisfied. Lemma 2.12. Let A be a purely infinite C Ã -algebra with property (IP).
(i) For each positive element a A A and for each e > 0, there is a projection p A aAa such that ða À eÞ þ 6 p.
(ii) For each element x A A and for each e > 0, there is a projection p A A and an element y A A such that kx À yk e e and y A ApA.
Proof. (i) The hereditary C Ã -algebra aAa is purely infinite and has property (IP) (by Lemma 2.9). We can therefore apply Corollary 2.8 to aAa to obtain an increasing net fI a g a of ideals in aAa each generated by a single projection such that S a I a is a dense algebraic ideal in aAa. It follows that ða À eÞ þ belongs to S a I a , and hence to I a for some a. Let p be a projection that generates the ideal I a . Then ða À eÞ þ 6 p, because ða À eÞ þ belongs to the ideal generated by p.
Then kx À yk e e and jyj ¼ ðjxj À eÞ þ . Use (i) to find a projection p in A such that jyj 6 p. Then jyj, and hence also y, belong to ApA. r
We continue this section with a general result on C Ã -algebras (not necessarily purely infinite) with property (IP) that is relevant for the discussion in Section 3.
Proposition 2.13. Any separable stable C Ã -algebra with property (IP) has an approximate unit consisting of projections.
Proof. If A is a separable stable C Ã -algebra containing a full projection p, then A is isomorphic to pAp n K by Brown's theorem; and so in particular A has an approximate unit consisting of projections.
Suppose that A is separable, stable and with property (IP). Then A ¼ S a A a for some increasing net fA a g a of ideals in A each of which is generated by a finite set of projections, cf. the proof of ''(i) ) (ii)'' in Proposition 2.11. We claim that each A a is in fact generated by a single projection. Indeed, suppose that A a is generated as an ideal by the projections p 1 ; p 2 ; . . . ; p n ; then p 1 l p 2 l Á Á Á l p n is equivalent to (or equal to) a projection p A A a , because A a is stable (being an ideal in a stable C Ã -algebra). It follows that A a is generated by the projection p. By the first part of the proof, A a has an approximate unit consisting of projections. As this holds for all a we conclude that also A has an approximate unit consisting of projections. r Proposition 2.14 below was shown in [13] by Kirchberg and the second named author for C Ã -algebras of the real rank zero. We extend here this result to the broader class of C Ãalgebras with property (IP). We refer to [13] for the definitions of being strongly, respectively, weakly purely infinite.
Proposition 2.14. Let A be a C Ã -algebra with property (IP). The following are equivalent:
(i) A is purely infinite.
(ii) A is strongly purely infinite.
(iii) A is weakly purely infinite.
Proof. (ii) ) (i) ) (iii) are (trivially) true for all C Ã -algebras A (see [13] , Theorem 9.1).
(i) ) (ii). It follows from Lemma 2.12 and from [13] , Remark 6.2 (see also the proof of [13] , Proposition 6.3) that any C Ã -algebra with property (IP) has the locally central decomposition property; and [13] , Theorem 6.8 says that any purely infinite C Ã -algebra with the locally central decomposition property is strongly purely infinite.
(iii) ) (i). Assume that A is weakly purely infinite. By the comment following [13] , Proposition 4.18, A is purely infinite if every quotient of A has the property (SP) (i.e., each non-zero hereditary sub-C Ã -algebra contains a non-zero projection). Both property (IP) and weak pure infiniteness pass to quotients, cf. [13] , Proposition 4.5, so it will be enough to prove that any non-zero hereditary sub-C Ã -algebra B of A contains a non-zero projection.
As A is weakly purely infinite, it is pi-n for some natural number n (see [13] , Definition 4.3). By the Glimm lemma (see [12] , Proposition 4.10) there is a non-zero *-homomorphism from M n À C 0 À ð0; 1 ÁÁ into B. So we get non-zero pairwise equivalent and orthogonal positive elements e 1 ; . . . ; e n in B. The ideal in A generated by e 1 contains a non-zero projection p. As A is assumed to be pi-n we can use [13] , Lemma 4.7 to conclude that p 6 e 1 n 1 n ; and as e 1 n 1 n 6 e 1 þ e 2 þ Á Á Á þ e n ¼: b A B (see [12] , Lemma 2.8) it follows from [12] , Proposition 2.7 (iii), that p is equivalent to a (necessarily non-zero) projection q in bAb L B. (It has been used twice above that p 6 ð1 À eÞp ¼ ðp À eÞ þ when p is a projection and 0 e e < 1.) r
Lifting projections
We consider here when projections in a quotient of a purely infinite C Ã -algebra lift to the C Ã -algebra itself. We begin with a discussion of a K-theoretical obstruction to lifting projections:
has the property that K 0 ðpÞ : K 0 ðJÞ ! K 0 ðJ=I Þ is surjective (or, equivalently, that the index map d : K 0 ðJ=I Þ ! K 1 ðI Þ is zero, or, equivalently, if the induced map K 1 ðiÞ : K 1 ðI Þ ! K 1 ðJÞ is injective).
As pointed out to us by Larry Brown, it su‰ces to check K 0 -liftability for J ¼ A (i.e., A is K 0 -liftable if and only if the induced map K 0 ðAÞ ! K 0 ðA=I Þ is onto for every ideal I in A), because if K 1 ðI Þ ! K 1 ðAÞ is injective, then so is K 1 ðI Þ ! K 1 ðJÞ whenever I L J L A.
Every simple C Ã -algebra is automatically K 0 -liftable (there are no non-trivial sequences 0 ! I ! J ! J=I ! 0 for ideals I H J in a simple C Ã -algebra).
The property real rank zero passes from a C Ã -algebra to its ideals (cf. Brown and Pedersen, [6] ), and in the same paper it is shown that the map K 0 ðAÞ ! K 0 ðA=I Þ is onto whenever A is a C Ã -algebra of real rank zero and I is an ideal in A. Hence all C Ã -algebras of real rank zero are K 0 -liftable.
Being K 0 -liftable passes to hereditary sub-C Ã -algebras: where the vertical maps are isomorphisms (by stability of K 0 and by Brown's theorem) and the lower horizontal map is surjective by assumption. Hence the upper horizontal map
The next lemma expresses when an extension of two K 0 -liftable C Ã -algebras is K 0liftable:
be a short-exact sequence of C Ã -algebras. Then A is K 0 -liftable if and only if I and B are K 0 -liftable and the induced map K 0 ðAÞ ! K 0 ðBÞ is onto.
Proof. ''If ''. We use the remark below Definition 3.1 whereby it su‰ces to show that the map K 0 ðAÞ ! K 0 ðA=JÞ is onto whenever J is an ideal in A. To this end, consider the diagram of C Ã -algebras with exact rows and columns: 
The left-most vertical map is onto by K 0 -liftability of A, which implies surjectivity of the right-most vertical map. r
We proceed to describe when certain tensor products are K 0 -liftable.
Lemma 3.4. The tensor product A n O 2 is K 0 -liftable for every C Ã -algebra A; and the tensor product A n O y is K 0 -liftable if and only if A itself is K 0 -liftable.
Proof. If D is a simple nuclear C Ã -algebra, then the mapping I 7 ! I n D defines a lattice isomorphism from IdealðAÞ onto IdealðA n DÞ (surjectivity follows from a theorem of Blackadar, [1] , see also [3] , Proposition 2.16). Moreover, by Blackadar's theorem or by exactness of D, if I H J are ideals in A, then ðJ n DÞ=ðI n DÞ is isomorphic to ðJ=I Þ n D. Hence, to prove K 0 -liftability of A n D it su‰ces to show that the induced map K 0 ðJ n DÞ ! K 0 À ðJ=IÞ n D Á is surjective, or, equivalently, that the index map K 0 À ðJ=I Þ n D Á ! K 1 ðI n DÞ is zero. The latter holds for all
To prove the last statement, consider the commutative diagram
where the vertical maps are defined by x 7 ! x n 1. It follows from the Kü nneth theorem that the vertical maps above induce isomorphisms at the level of K 0 . It is now clear that A n O y is K 0 -liftable if and only if A is K 0 -liftable. r
We now proceed with the projection lifting results. We need a sequence of lemmas. Lemma 3.5. Let A be a C Ã -algebra, let x be an element in A, and suppose that there is a positive element e in A such that x Ã x 6 e, and x Ã x and xx Ã are orthogonal to e. Then x belongs to the closure of the invertible elements, GLðÃ AÞ, in the unitizationÃ A of A.
Proof. Let e > 0 be given. By the assumption that jxj 2 ¼ x Ã x 6 e and by Remark 2.6 we obtain a contraction z A A such that ðjxj À eÞ þ z Ã z ¼ ðjxj À eÞ þ ; zz Ã A eAe; zz Ã ? z Ã z:
is a unitary element inÃ A.
Write x ¼ vjxj with v a partial isometry in A ÃÃ , and put x e ¼ vðjxj À eÞ þ A A. Then kx À x e k e e,
z Ã x e ¼ 0, and so ðx e uÞ 2 ¼ vðjxj À eÞ þ z Ã x e u ¼ 0:
It follows that x e þ lu Ã ¼ ðx e u þ l1Þu Ã is invertible inÃ A for all l 3 0, whence x e belongs to the closure of GLðÃ AÞ. As e > 0 was arbitrary, the lemma is proved. r Lemma 3.6. Let A be a C Ã -algebra. Let x be an element in A and let e be a properly infinite projection in A such that x Ã x is orthogonal to e and x Ã x 6 e. Then, for each e > 0, there is a projection p A A such that kx À xpk e e.
Proof. Because e is properly infinite (cf. Remark 2.6) there is a subprojection e 0 of e such that e 6 e 0 and e 6 e À e 0 . As jxj 2 ¼ x Ã x 6 e 6 e 0 there is z A A with z ¼ e 0 z and ðjxj À e=2Þ þ ¼ z Ã e 0 z ¼ z Ã z (see Remark 2.5). As zz Ã and z Ã z both are orthogonal to the projection e À e 0 , and z Ã z 6 e 0 6 e À e 0 , we conclude from Lemma 3.5 that z belongs to the closure of GLðÃ AÞ. By [18] there is a unitary u inÃ A such that
The projection p ¼ u Ã e 0 u A A thus satisfies ðjxj À eÞ þ p ¼ ðjxj À eÞ þ , which entails that kxð1 À pÞk ¼ k jxjð1 À pÞk e e: r
The lemma below and its proof are similar to [6] , Lemma 3.13, and its proof. Lemma 3.7. Let A be a purely infinite C Ã -algebra, let I be an ideal in A, and let B be a hereditary sub-C Ã -algebra of A. Assume that I has property (IP). Let p be a projection in B þ I and assume that B X pAp is full in A. Then there is a projection q A B such that p À q belongs to I . Proof. Write p ¼ b þ x, with b a self-adjoint element in B and x a self-adjoint element in I . Take e > 0 such that 2kbke þ e 2 < 1=2. By Lemma 2.12 we can find an element y A I and a projection f A I such that kx À yk < e=2 and such that y belongs to the ideal I 0 in I generated by f . By assumption, B X pAp is full in A, so f is equivalent to a projection g A B X pAp (by Lemma 2.9). Put
Then p ¼ b 1 þ x 1 and kx 1 À y 1 k e kx À yk < e=2. Now, p and g commute, g and py 2 1 p belong to pI 0 p, g is full in I 0 , and py 2 1 p ? g. By pure infiniteness of A we deduce that py 2 1 p 6 g. We can now use Lemma 3.6 to conclude that there is a projection r A pI 0 p L pIp such that ky 1 ðp À rÞk < e=2. Hence kx 1 ðp À rÞk < e. Now,
Note that kx 2 k e kb 1 k kðp À rÞx 1 k þ kx 1 ðp À rÞk kb 1 k þ kx 1 ðp À rÞk 2 e 2kbk kx 1 ðp À rÞk þ kx 1 ðp À rÞk 2 e 2kbke þ e 2 < 1=2;
where it has been used that x 1 is self-adjoint. This shows that the distance from b 2 to the projection p À r is less than 1=2, whence 1=2 is not in the spectrum of b 2 . The function f ¼ 1 ½1=2; yÞ restricts to a continuous function on spðp À rÞ and on spðb 2 Þ, whence
for some x 3 A I . We can take q to be f ðb 2 Þ. r Proof. By Proposition 2.13 every element in K 0 ðAÞ is represented by a di¤erence ½ p 0 À ½q 0 , where p 0 , q 0 are projections in A n K. Upon replacing p 0 and q 0 with p 0 l q 0 and q 0 l q 0 , respectively, we can assume that q 0 belongs to the ideal generated by p 0 , whence q 0 @ q 1 e p 0 for some projection q 1 by pure infiniteness of A. The projection p 0 À q 1 A A n K is equivalent to a projection p A A by Lemma 2.9; and
be an extension where A is a separable purely infinite C Ã -algebra with property (IP). Let q be a projection in B such that ½q belongs to K 0 ðpÞ À K 0 ðAÞ Á . Then A contains an ideal A 0 , which is generated by a single projection, such that q A pðA 0 Þ and ½q
Proof. By Corollary 2.8 there is an increasing net fA a g a of ideals in A, each generated by a single projection, such that S a A a is dense in A. By the assumption that ½q A K 0 ðpÞ À K 0 ðAÞ Á , and by Lemma 3.8, there is a projection r A A such that ½pðrÞ ¼ ½q. Now, r A A a 1 and q A pðA a 2 Þ for suitable a 1 and a 2 . We can therefore take A 0 to be A a , when a is chosen greater than or equal to both a 1 and a 2 . r
In the lemma below we identify A with the upper left corner of M n ðAÞ, and thus view A as a hereditary sub-C Ã -algebra of M n ðAÞ for any n A N. By Lemmas 3.8 and 3.9, possibly upon replacing A by an ideal in A, we can assume that A contains a full projection e and a (not necessarily full) projection p 1 such that ½pðp 1 Þ ¼ ½q in K 0 ðBÞ. Since e is full and properly infinite there are mutually orthogonal subprojections e 0 and e 1 of e such that e 0 is full in A, ½e 0 ¼ 0 in K 0 ðAÞ, and e 1 @ p 1 . Set p 0 ¼ e 0 þ e 1 . Then ½pðp 0 Þ ¼ ½q in K 0 ðBÞ, and pðp 0 Þ and q are both full and properly infinite in B, so they are equivalent (by [8] , Theorem 1.4). It follows that pðp 0 Þ is homotopic to q inside M 4 ðBÞ; and by standard non-stable K-theory, see e.g. [21] , Lemma 2.1.7, Proposition 2.2.6, and 1.1.6, we conclude that q lifts to a projection p in M 4 ðAÞ. r
Using pure infiniteness of A one can improve the lemma above to get the lifted projection inside A þ M 2 ðI Þ (instead of in A þ M 4 ðI Þ). However, one cannot always get the lift in A þ I as Example 3.12 below shows. First we state and prove our main lifting result for projections in purely infinite C Ã -algebras with the ideal property: Proposition 3.11. Every separable, purely infinite, K 0 -liftable C Ã -algebra A with property (IP) has the following projection lifting property: For any hereditary sub-C Ã -algebra A 0 of A and for any ideal I 0 in A 0 , every projection in the quotient A 0 =I 0 lifts to a projection in A 0 .
Proof. Let A 0 and I 0 be as above, and let q be a projection in A 0 =I 0 . We must show that q lifts to a projection in A 0 . Let p : A 0 ! A 0 =I 0 denote the quotient mapping. Upon passing to a hereditary sub-C Ã -algebra of A 0 (the pre-image p À1 À qðA 0 =I 0 Þq Á ) we can assume that q is full in A 0 =I 0 (and even that q is the unit for A 0 =I 0 ). By Lemma 3.9 (and Proposition 2.10), possibly upon replacing A 0 with an ideal of A 0 , we can further assume that A 0 contains a full projection, say g (and that q A pðA 0 Þ).
Put A 00 ¼ ð1 À gÞA 0 ð1 À gÞ and I 00 ¼ A 00 X I 0 . It follows from Lemma 3.2 and our assumption that the map K 0 ðA 00 Þ ! K 0 ðA 00 =I 00 Þ is onto. We can now use Lemma 3.10 to lift q À pðgÞ to a projection p 0 in A 00 þ M 4 ðI 00 Þ. Thus p 00 ¼ p 0 þ g A A 0 þ M 4 ðI 0 Þ is a lift of q, and gA 0 g L p 00 M 4 ðA 0 Þp 00 X A 0 is full in A 0 . As A is assumed to have property (IP) we obtain from Proposition 2.10 that I 0 has property (IP), and so we can use Lemma 3.7 to get a projection p A A 0 such that p À p 00 A M 4 ðI 0 Þ; and p is a lift of q. r Example 3.12. Consider the C Ã -algebra
where s A O 2 is any non-unitary isometry. Let p : A ! O 2 be given by pð f Þ ¼ f ð0Þ. Then we have a short exact sequence
The map K 0 ðAÞ ! K 0 ðO 2 Þ is surjective, because K 0 ðO 2 Þ ¼ 0. (One can show that A G A n O 2 , and hence that A is K 0 -liftable, cf. Lemma 3.4.) However, the unit 1 A O 2 does not lift to a projection in A, because 1 is not homotopic to ss Ã 3 1 inside O 2 .
Of course, the ideal C 0 À ð0; 1Þ; O 2 Á does not have property (IP), so this example does not contradict Proposition 3.11. But the example does show that Proposition 3.11 is false without the assumption that A (and hence the ideal I 00 ) has property (IP), and it shows that Lemma 3.10 does not hold with A þ M 4 ðI Þ replaced with A þ I.
The main result
Here we state and prove our main result described in the abstract. Let us set up some notation.
Let g e : R þ ! R þ be the continuous function The quotient C Ã -algebra A=I e ðAÞ is unital and a þ I e ðaÞ is invertible in A=I e ðaÞ (provided that I e ðaÞ is di¤erent from A). Indeed, hðaÞ þ I e ðaÞ is a unit for A=I e ðaÞ and f ðaÞ þ I e ðaÞ is the inverse to a þ I e ðaÞ, when hðtÞ ¼ e À1 t; t e e; 1; t f e; Proof. If I e ðaÞ itself were compact, i.e., generated by a single projection, then, by Lemma 2.9, it would be generated by a projection e A H e ðaÞ. We could then take I to be I e ðaÞ and the projection f to be the unit of A=I e ðaÞ.
Let us now consider the general case, where I e ðaÞ need not be compact. Find an increasing net of ideals I a in A, each of which is generated by a single projection, such that S a I a is dense in I e ðaÞ, cf. Corollary 2.8. Then, for each a, we have a commutative diagram: and kp a ðxÞk ! kpðxÞk for all x A A. We saw above that p À hðaÞ Á is a unit for A=I e ðaÞ; so lim a p a À hðaÞ À hðaÞ 2 Á ¼ p À hðaÞ À hðaÞ 2 Á ¼ 0:
We can therefore take a such that p a À hðaÞ À hðaÞ 2 Á < 1=4, in which case 1=2 does not belong to the spectrum of p a À hðaÞ Á .
The ideal I a is by assumption generated by a projection, say g; and as g belongs to I e ðaÞ it is equivalent to a projection e A H e ðaÞ by Lemma 2.9; whence I :¼ I a is generated by e.
The characteristic function 1 ½1=2; yÞ is continuous on the spectrum of p a À hðaÞ Á ; and it extends to a continuous function j : R þ ! ½0; 1 which satisfies jð0Þ ¼ 0 and jð1Þ ¼ 1. Put
Then f is a projection, and as ðj hÞðaÞ Á ða À eÞ þ ¼ ða À eÞ þ , we have
as desired. r Proof. If RRðAÞ ¼ 0, then A has property (IP), whence PrimðAÞ has a basis consisting of compact-open sets, cf. Proposition 2.11. As remarked below Definition 3.1, it follows from [6] that every C Ã -algebra of real rank zero is K 0 -liftable. This proves the ''only if '' part.
We proceed to prove the ''if '' part, and so we assume that A is K 0 -liftable and that PrimðAÞ has a basis of compact-open sets. Then, by Proposition 2.11, A has property (IP).
To show that RRðAÞ ¼ 0 we show that each hereditary sub-C Ã -algebra of A has an approximate unit consisting of projections. Hereditary sub-C Ã -algebras of purely infinite C Ã -algebras are again purely infinite (see [12] ), and it follows from Lemma 3.2 and Proposition 2.10 that any hereditary sub-C Ã -algebra of A is K 0 -liftable and has property (IP). Upon replacing a hereditary sub-C Ã -algebra of A by A itself, it su‰ces to show that A has an approximate unit consisting of projections. To this end it su‰ces to show that, given a positive element a in A and e > 0, there is a projection p in A such that ka À apk e 3e.
Let I e ðaÞ and H e ðaÞ be as defined above Lemma 4.1. Then, as already observed, H e ðaÞ is a full hereditary sub-C Ã -algebra of I e ðaÞ; and kaek e ekek for all e A H e ðaÞ by construction of H e ðaÞ.
Suppose that I e ðaÞ ¼ A.
Then H e ðaÞ is a full hereditary sub-C Ã -algebra in A. By Lemma 2.12 there is a projection f in A with ða À eÞ þ 6 f ; and by Lemma 2.9, f is equivalent to a projection e A H e ðaÞ. As ða À eÞ þ 6 e and ða À eÞ þ ? e we can use Lemma 3.6 to find a projection p A A such that kða À eÞ þ ð1 À pÞk e e, whence kað1 À pÞk e 2e e 3e.
Suppose now that I e ðaÞ 3 A. Let e A H e ðaÞ, I ¼ AeA, and f A A=I be as in Lemma 4.1, and let p : A ! A=I denote the quotient mapping. Note that p À ð1 À eÞAð1 À eÞ Á ¼ pðAÞ. It follows from Proposition 3.11 that f lifts to a projection q in ð1 À eÞAð1 À eÞ. Consider the element x ¼ ða À eÞ þ ð1 À e À qÞ ¼ ða À eÞ þ ð1 À qÞ, which belongs to I because pðxÞ ¼ 0. Hence x Ã x 6 e by pure infiniteness of A, and x Ã x is clearly orthogonal to e. As both e and x Ã x belong to the corner C Ã -algebra ð1 À qÞAð1 À qÞ and the relation x Ã x 6 e also holds relatively to this corner, it follows from Lemma 3.6 that there is a projection r in ð1 À qÞAð1 À qÞ such that kx Ã xð1 À rÞk e e 2 , whence kða À eÞ þ ð1 À e À qÞð1 À rÞk ¼ kxð1 À rÞk e kx Ã xð1 À rÞk 1=2 e e:
Recall that e ? q and r ? q. Put p ¼ r þ q, and note that ð1 À e À qÞð1 À rÞ ¼ ð1 À eÞð1 À qÞð1 À rÞ ¼ ð1 À eÞð1 À pÞ:
We can now deduce that kað1 À pÞk e kað1 À eÞð1 À pÞk þ kaeð1 À pÞk e kað1 À e À qÞð1 À rÞk þ kaek e 2e þ e ¼ 3e: r Our theorem above generalizes, in the separable case, Zhang's theorem (from [22] ) that all simple, purely infinite C Ã -algebras are of real rank zero. The primitive ideal space of a simple C Ã -algebra consists of one point (the 0-ideal) and hence trivially has a basis of compact-open sets, and any simple C Ã -algebra is automatically K 0 -liftable (as remarked below Definition 3.1). Extensions of separable C Ã -algebras with property (IP) need not have property (IP) (not even after being tensored by the compacts), cf. [15] . But in the purely infinite case we have the following: The tensor product A n B can contain unexpected ideals if both A and B are nonexact. More specifically, it follows from a theorem of Kirchberg that if C is a simple C Ã -algebra and H is an infinite-dimensional (separable) Hilbert space, then BðHÞ n C has more than the three obvious ideals (counting the two trivial ones) if and only if C is nonexact. Part (i) of the proposition below shows that PrimðA n BÞ can be much larger than PrimðAÞ Â PrimðBÞ. Proposition 4.5. There are separable (necessarily non-exact) C Ã -algebras A and C such that PrimðAÞ consists of two points (i.e., A is an extension of two simple C Ã -algebras) and PrimðCÞ consists of one point (i.e., C is simple) such that:
(i) PrimðA n CÞ does not have a basis for its topology consisting of compact-open sets; in particular, PrimðA n CÞ is infinite.
(ii) The C Ã -algebras A n O 2 and C n O 2 are purely infinite and of real rank zero (and hence with property (IP)), but their tensor product ðA n O 2 Þ n ðC n O 2 Þ does not have property (IP) (and hence is not of real rank zero).
Proof. Let C be the non-exact, simple, unital, separable C Ã -algebra with stable rank one and real rank zero constructed by Dadarlat in [9] (see also [17] , 2.1). Let A be the (also non-exact) separable sub-C Ã -algebra of BðHÞ constructed in [17] , Theorem 2.6. Then A n C, and hence also A n C n O 2 , contain more than three ideals (including the two trivial ones) (by [17] , Theorem 2.6).
It follows from [17] , Proposition 2.2 (following Dadarlat's construction) that there is a UHF-algebra B which is shape equivalent to C, whence the following holds: For any C Ãalgebra D, the subsets of IdealðB n DÞ and of IdealðC n DÞ, consisting of all ideals that are generated by projections, are order isomorphic.
The ideal lattice of A n B n O 2 is order isomorphic to the ideal lattice of A (because B n O 2 is simple and exact), so A n B n O 2 has three ideals (including the two trivial ideals), and each of these three ideals is generated by its projections. It follows that A n C n O 2 also has precisely three ideals that are generated by projections. Hence A n C n O 2 has at least one ideal which is not generated by projections. We conclude that A n C n O 2 does not have property (IP). Hence PrimðA n CÞ does not have a basis of compact-open sets (by Corollary 4.3) and ðA n O 2 Þ n ðC n O 2 Þ, which is isomorphic to A n C n O 2 , does not have property (IP). It follows from Corollary 4.3 that A n O 2 and C n O 2 both are of real rank zero. r Proposition 4.6. Let A and B be C Ã -algebras with property (IP). Assume that A is exact and that B is purely infinite. Then A n B is purely infinite and with property (IP).
Proof. Since B is purely infinite and with property (IP), Proposition 2.14 implies that B is strongly purely infinite. But a recent result of Kirchberg says that if C and D are C Ã -algebras such that one of C or D is exact and the other is strongly purely infinite, then C n D is strongly purely infinite (see [10] ). Hence, by this result of Kirchberg it follows that A n B is strongly purely infinite, and hence purely infinite. Also, since A is exact and A and B have property (IP), by [17] , Corollary 1.3 (based on another result of Kirchberg), it follows that A n B has property (IP). r
There are well-known examples of two separable nuclear C Ã -algebras each of real rank zero whose minimal tensor product is a C Ã -algebra not of real rank zero (see [14] ). This phenomenon is eliminated when tensoring with O 2 :
Corollary 4.7. Let A and B be separable C Ã -algebras with property (IP) (or of real rank zero). Assume that A is exact. Then A n B n O 2 is of real rank zero.
Proof. It follows from Proposition 4.6 that A n B n O 2 is purely infinite and with property (IP), whence this C Ã -algebra is of real rank zero by Corollary 4.3. r
The two conditions (on the primitive ideal space and on K 0 -liftability) in Theorem 4.2 are independent. There are purely infinite C Ã -algebras that are K 0 -liftable while others are not, and there are purely infinite C Ã -algebras whose primitive ideal space has a basis of compact-open sets, and others where this does not hold. All four combinations exist. The C Ã -algebras Cð½0; 1Þ n O y and Cð½0; 1Þ n O 2 are purely infinite with primitive ideal space homeomorphic to ½0; 1, and this space does not have a basis of compact-open sets (i.e., is not totally disconnected); the latter C Ã -algebra is K 0 -liftable and the former is not (consider the surjection Cð½0; 1Þ n O y ! Cðf0; 1gÞ n O y ). More examples are given below: where each I j is a closed two-sided ideal in A, and where each successive quotient I j =I jÀ1 , j ¼ 1; 2; . . . ; n, is simple.
It follows from Theorem 4.2 that A is of real rank zero if and only if A is K 0 -liftable (when A is separable). Actually, one can obtain this result (also in the non-separable case) from Zhang's theorem, which tells us that I j =I jÀ1 is of real rank zero for all j, being simple and purely infinite, and from Brown and Pedersen's extension result in [6] , Theorem 3.14 and Proposition 3.15, applied to the extension 0 ! I jÀ1 ! I j ! I j =I jÀ1 ! 0; which yields that RRðI j Þ ¼ 0 if (and only if) RRðI jÀ1 Þ ¼ 0 and K 0 ðI j Þ ! K 0 ðI j =I jÀ1 Þ is surjective. Hence RRðAÞ ¼ 0 if and only if K 0 ðI j Þ ! K 0 ðI j =I jÀ1 Þ is surjective for all j ¼ 1; 2; . . . ; n. The latter is equivalent to A being K 0 -liftable (as one easily can deduce from Lemma 3.3).
In the case where n ¼ 2 we have an extension 0 ! I ! A ! B ! 0, where I and B are purely infinite C Ã -algebras. Here RRðAÞ ¼ 0 if and only if the map K 0 ðAÞ ! K 0 ðBÞ is surjective, or equivalently, if and only if the index map d : K 0 ðBÞ ! K 1 ðI Þ is zero. Let G 0 , G 1 , H 0 , H 1 be arbitrary countable abelian groups and let d : G 0 ! H 1 be any group homomorphism. Then there are stable Kirchberg algebras I and B in the UCT-class such that K j ðBÞ G G j and K j ðI Þ G H j , and an essential extension 0 ! I ! A ! B ! 0 whose index map K 0 ðBÞ ! K 1 ðI Þ is conjugate to d.
In particular, if G 0 , H 1 , and d are chosen such that d is non-zero, then A is not K 0liftable and hence not of real rank zero; but A is K 0 -liftable and of real rank zero whenever d is zero. Evidently, both situations can occur.
Let us finally note that PrimðAÞ, if finite, is Hausdor¤ if and only if the topology on PrimðAÞ is the discrete topology, which happens if and only if A is the direct sum of n simple purely infinite C Ã -algebras. Here, K 0 -liftability is automatic. Note also that PrimðAÞ is totally disconnected (meaning that all connected components are singletons) if and only if PrimðAÞ is Hausdor¤.
